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Parallelization and Dynamic Load Balancing of NPARC Codes
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Parallelizationand dynamicloadbalancingof the two-dimensionaland three-dimensionalNPARC � ow codes are
presented. A previously developed parallel databasepackage, GPAR, and a dynamic load balancer program, DLB,
are used for both the two-dimensional and three-dimensional versions of NPARC. Performance characteristics of
the implemented algorithms in two-dimensional and three-dimensional internal � ow con� gurations are explored.
Dynamic load balancing studies are carried out with the two parallel codes for an engine inlet con� guration.
The benchmark cases consist of a two-dimensional case with 4592 grid points and 2 three-dimensional cases, one
with 50,950 grid points and the other with 240,000 grid points. The grids are decomposed into solution blocks
and parallel computations are carried out with varying number of processors. The pressure response to unsteady
perturbations of the inlet temperature is calculated using a variable time-stepping approach speci� cally developed
for parallel computations,which takes into account the time-step variations in blocks with selective communication
between the blocks. Time accuracy is maintainedwith the bene� ts of increased speedup. Load balancing is effective
in large cases in which block computation costs are more dominant than communication costs.

Nomenclature
Ak = contravariantspeed-of-soundcomponent
B = total number of blocks
C = Courant number
c = computation cost for a block
E p = ef� ciency; Eq. (26)
I = communication cost for a block
Kk = metrics of coordinate transformation
m = block time-step multiplier; Eq. (7)
N = number of grid points
P = total number of processors
Rc = inlet cowl-tip radius used for nondimensionalizing

lengths
Re = Reynolds number
Sp = speedup; Eq. (25)
T C = total cost of parallel computation
t = time
Uk = contravariantvelocity component
W = time spent waiting for interface data by a block
.x; y; z/ = physical coordinates
1t = time step
¹ = coef� cient of viscosity
½ = nondimensionalizeddensity
.»; ´; ³ / = computational coordinates

Subscripts

b = block
bi = block to interface communication
g = global minimum
i = interface
ib = interface to block communication
j = index for block number
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k = index for coordinate direction
p = index for processor number

Introduction

O UR current researchefforts are aimed at achievingan ef� cient
computing paradigm on parallel computers. Parallel comput-

ers can be of many types, including multiple instruction multiple
data (MIMD) and single instructionmultiple data (SIMD) comput-
ers, though our attention is focused primarily on MIMD comput-
ers. The codes chosen for parallelization are the two-dimensional
and three-dimensional NPARC � ow codes, which are supported
through a partnership between the NASA Lewis Research Center
(LeRC) and the Arnold Engineering Development Center.1 Each
code lends itself easily to parallelization by the method of domain
decomposition. A software package called GPAR,2 developed ear-
lier in conjunction with a dynamic load balancer called DLB,3 was
used for parallelization.The conservation laws of � uid mechanics
are solved by NPARC in strong conservation form after transfor-
mation to computational coordinates. Although both implicit and
explicit � ow-solution algorithms exist, the explicit Runge–Kutta
time-integrationscheme is used for solution of unsteady � ows. We
show parallelization of the explicit solver of the NPARC codes for
unsteady � ows.

The problem to be solved over a given domain is parallelized by
dividing the domain into many subdomains,calledblocks,and solv-
ing the governing equations over these blocks. The blocks are con-
nected to each other through the interblockboundaries,called inter-
faces. The NPARC codes (two-dimensionaland three-dimensional)
alreadyusea block-structuredsolutionapproach.It is onlynecessary
to write the interfacecommunicationpart,calledthe InterfaceSolver
to implementparallelization.The interiorpointalgorithm,which op-
erates on the nodes inside the block, is termed the Block Solver and
is essentially unmodi� ed. This block-structuredapproach is highly
suited for parallel computing because each block may represent a
separate process and can be assigned to different processors. Fur-
thermore,each blockcan possess its own set of parametersthat more
selectively describe the � ow� eld within the block, instead of using
a global set of parameters applicableover the whole domain.For in-
stance,blocks far fromno-slip surfaces, in the absenceof freestream
turbulence, can be modeled adequately with the Euler equations,
without theadditionalexpenseof computingtheviscous terms.Such
anapproachhas beenused in theparallelizationof theNPARC codes
in conjunction with an improved communication strategy.

During block-structuredparallel computations,often bottlenecks
occur because of communication needed between the blocks over
the network of processors. We expect that, over the coming years,
the capability to solve larger problems with faster processors also
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will increase. The communication cost may become more critical
because the network speeds may not keep up with the processor
speeds. Another important objective is the identi� cation and opti-
mization of communication cost in a heterogeneous environment,
namely the existence of computers with different memory size and
differentprocessorspeeds.The followingsectionsdescribethe vari-
able time-stepping approaches and load-balancing algorithm used
to implement ef� cient execution of the NPARC codes.

Variable Time-Stepping Approach
For unsteady � ow cases, a variable time-steppingmethod can be

de� ned in terms of the two main modules, blocks and interfaces.
Figure 1 illustrates the relationship between the two in a parallel
environment for an example problem with two blocks and one pair
of interfaces. In general,

1tb.1/ 6D 1tb.2/ (1)

1ti .1; 2/ 6D 1ti .2; 1/ (2)

Blocks
For computingunsteady� ows, the defaultNPARC explicit solver

chooses the most restrictive time step among all blocks, 1tg , and
all blocks proceed with this time step:

1tg D min
j

³
C

maxn;k

£
jUk j C Ak C .2=Re/ .¹=½/jKk j2

¤
´

n D 1; 2; : : : ; Nb; k D 1; 2; 3; j D 1; 2; : : : ; B (3)

Communication occurs between the interfaces with a frequency of
1tg . From Fig. 1,

1ti .1; 2/ D 1ti .2; 1/ D 1tg (4)

1tib.1/ D 1tbi.1/ D 1tib.2/ D 1tbi.2/ D 1tg (5)

In the variable time-stepping approach applied to blocks,4 ;5 for
each block j , a time-step 1tb. j/ is picked as a multiple of 1tg:

1tb. j/ D m j 1tg; j D 1; 2; : : : ; B (6)

m j D min

³
5;

C

maxn;k

£
jUk j C Ak C .2=Re/.¹=½/jKk j2

¤
´

n D 1; 2; : : : ; Nb; k D 1; 2; 3 (7)

Communication still occurs according to Eqs. (4) and (5). Hence,
each interface needs to interpolate the solution variables at each
1tg before sending them to its neighbor. The number 5 in Eq. (7)
serves as an upper limit to minimize the interpolationerrors for the
time-accurate solution of unsteady � ows.

Interfaces
The block-basedvariable time-steppingapproach outlinedabove

reduces computation time for the blocks. However, reducing com-
munication is also very important since it can contribute signif-
icantly to the overall computation time. In block-based variable
time-stepping each block marches with its own time-step 1tb. j/

Fig. 1 Example of parallel computation with blocks and interfaces.

Fig. 2 Communication according to scheme 1 (minor tick marks de-
note D tg ).

Fig. 3 Communication according to scheme 2 (minor tick marks de-
note D tg ).

and stores the boundary information into its interface. However, it
is notnecessaryfor each interfaceto communicatewith the neighbor
and update its parent block every 1tg . With reference to Figure 1,
the following three communication schemes were investigatedwith
a decreasing level of communication frequency.

Scheme 1: Same Time Steps for Blocks and Interfaces
The block time step and the communicationand update frequency

of the interfaces belonging to the parent block are chosen to be
identical. For instance, in Fig. 2,

1ti .1; 2/ D 1tib.1/ D 1tbi.1/ D 1tb.1/ D m11tg (8)

1ti .2; 1/ D 1tib.2/ D 1tbi.2/ D 1tb.2/ D m21tg (9)

Let both blocks start at time-level t. After one solutionstep, block
1 advances to time-level t C m11tg and block 2 advances to time-
level t C m21tg . If m1 > m2, then, for block 2 to advance from
time-level t C m21tg , it needs the boundary conditions at that time
level. Interface2 supplies the boundaryconditionsby linearly inter-
polating the solution received from interface 1 at time levels t and
t C m11tg . Similarly, block 1 waits for block 2 to advance to a time
level greater than or equal to t C m11tg and send interface solution
values to interface 1 before proceeding.

Scheme 2: Different Time Steps for Blocks and Interfaces
The partial differential equations of � uid mechanics are usually

very stiff. The time step used is a function of the maximum eigen-
value of the linearized system of equations and is quite small to
satisfy the numerical stability requirements. Because this time step
also allows the integration of the complete eigenvalue spectrum of
the linearized equations, accuracy requirements also can usually
be satis� ed. This observation,coupled with the frequently encoun-
tered scenario that the block time step is decided by a relatively
small region of the block, allows us to propose a scheme in which
the interfaces need to be updated less frequently, for example, for
a time interval corresponding to the maximum stable time step for
the interface nodes. For interface 1, in Fig. 3,

1ti .1; 2/ D
C

maxn;k

£
jUk j C Ak C .2=Re/ .¹=½/jKk j2

¤

n D 1; 2; : : : ; Ni .1/; k D 1; 2; 3 (10)
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Similarly, in interface 2, a time-step 1ti .2; 1/ is calculated. Also,
the following relationshipshold:

1tb.1/ D m11tg (11)

1tbi.1/ D 1tib.1/ D 1ti .1; 2/ (12)

1tb.2/ D m21tg (13)

1tbi.2/ D 1tib.2/ D 1ti .2; 1/ (14)

In general, even for matching and overlapping interfaces,
1ti .1; 2/ 6D 1ti .2; 1/ because the metrics Kk calculated for one
interface may not be the same as the other. As before, linear inter-
polation of the solution values in the interface is carried out by the
receiving interface to yield the solution values at the interface time
level. This solution becomes the boundary condition of the parent
block of the receiving interface,which enables it to advance in time.
Thus, this approach leads to reduced communication compared to
scheme 1. For a particular block j , all interfaces belonging to that
block obey the following relation:

1ti . j; n/ ¸ 1tb. j/ .15/

where 1ti . j; n/ is the interface communication time step from an
interface belonging to block j to a neighboring interface n.

Scheme 3: Interface Time Steps Based on Interface Characteristic Speeds
A communication frequency based on the local characteristic

speeds in the interface region also is proposed. This scheme is
primarily of use in Euler/inviscid � ows. Figure 4 shows a simple
one-dimensional example of the above discussion. As can be seen
from Fig. 4, if a block is completely supersonic, then from the di-
rection of the characteristics or eigenvalues, it is not necessary for
the downstream block to communicate with the upstream block.
However, the upstream block must necessarily send information
downstream. With reference to Fig. 4, if the blocks are subsonic,
then the communication frequency between the blocks would be
obtained as follows:

1ti .1; 2/ D
C

maxn [jU1j C A1]
; n D 1; 2; : : : ; Ni .1/ (16)

1ti .2; 1/ D
C

maxn [¡jU1j C A1]
; n D 1; 2; : : : ; Ni .2/ (17)

Hence, the following relationships between the time steps hold
for this scheme:

1tb.1/ D m11tg (18)

1tbi.1/ D 1ti .1; 2/ (19)

Fig. 4 Communication according to scheme 3 (minor tick marks de-
note D tg).

1tib.1/ D 1ti .2; 1/ (20)

1tb.2/ D m21tg (21)

1tbi.2/ D
C

maxn;k[jUk j C Ak ]

n D 1; 2; : : : ; Ni .2/; k D 1; 2; 3 (22)

1tib.2/ D 1ti .1; 2/ (23)

If the interfaces are supersonic, then 1ti .2; 1/ ! 1 and there
would be a signi� cant reductionin the communication.As before, if
the time levels in the two interfaces do not match during communi-
cation,a linear interpolationis carried out by the receiving interface
from the solution variables received.

For multidimensional � ows, we can extend the above reason-
ing by considering each direction separately. The physical coordi-
nates .x; y; z/ map to the computational coordinates .»; ´; ³ /. Be-
cause the interfaces usually are aligned along a constant index or
computationalcoordinate, the contravariantvelocities .U1; U2; U3/
along each computational coordinate direction should be consid-
ered. Along each interface, only one contravariant velocity will ex-
ist in a direction crossing the interface; the other two are parallel to
the interfacedirectionbecause they are mutually orthogonal to each
other. For example, if there is an interface along a constant » direc-
tion, only U1 exists in a direction crossing the interface; the other
two contravariantvelocitiesU2 and U3 are parallel to this interface.
The same approach is used for interfaces aligned along constant ´
and constant ³ directions.

Load Balancing
Following thisdiscussion,the objectiveis to reduceboth the com-

putation and the communication costs by making parallel comput-
ing optimally suited to local conditions. Apart from the algorith-
mic considerations,one also needs to consider the performance of
the overall computation itself in terms of the processor speeds and
communication speeds. Bottlenecks also can arise because of the
computationalload of the processors and communication times be-
tween the processors. Obtaining maximum ef� ciency leads to the
necessity of load balancing,or balancing the computational load on
each processor during the execution. In many cases, it is advanta-
geous to decompose the problem into more blocks than the number
of machines available because the load balancing can be used to al-
leviate bottlenecks due to a portion of the domain, or the processor
itself. As an example, if only 10 processors are available to solve
a three-dimensionalwing-sectionproblem, it may be advantageous
to decompose it into 30 blocks or so.

The load-balancingprogram needs statistics about the execution
of the applicationcode in terms of the computationaland communi-
cationcosts for eachblockon everyprocessorandalso thenumberof
extraneousprocesses on those processors.This then is factored into
calculating a cost function. For example, the cost of computation
can vary because of a change in the solution algorithm or because
of an increase in extraneous processes started or stopped by other
users. The response to the two causes is different. A program called
Ptrack (process tracker) executesconcurrentlyon each processoron
which the blocks are executing, and monitors the extraneous pro-
cess load on the respective processors.3 The execution scenario is
illustrated in Fig. 5.

First, the blocks and interfaces are initially allocated to the ma-
chines (or processors) on thebasisof blockand interfacesizes, prox-
imity of blocksand interfaces,speedof the individualmachines,and
the communicationspeedand bandwidthof thenetwork. In dynamic
load balancing, this initial distribution can change according to ex-
ternal factors such as extraneous processes added to or removed
from the machines during computationand also becauseof changes
in computational speed of the blocks and interfaces themselves on
the processors due to changes in the solution algorithm or the tran-
sient solution behavior.

The load-balancingschemedevelopedby our team is basedon the
greedyalgorithm,3 which triesto minimize the totalcostofexecuting
all blocks. Formulation of the cost function can be described as
follows.
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Fig. 5 Balancing of the NPARC code.

1) Let the computation cost of processingblock j on a processor
p be cp

j . Here, j can take values from 1 to B, and p can take values
from 1 to p.

2) Let the communication cost of sending interface data from
an interface on processor p to its neighboring interface be I pq , per
block j on processor p, which may be on a different processor q .

3) The computation cost of executing blocks on a computer p
also is in� uenced by the waiting time W j for each block j because
it has to wait to receive the interface information. The total cost of
computation on a processor p is

T C p D
BX

j D 1

¡
cp

j C I pq
j C W j

¢
.24/

The load distribution problem then reduces to minimizing the
maximum of these computation costs among all of the processors
because it is the slowest processor that is the bottleneck. Hence,
if T C D maxp.T C p/, then T C should be minimized to achieve
load balancing. The greedy algorithm is used to minimize T C , the
computationalwork for that being equal to O.B P2/.

The computationandcommunicationcosts are computedby plac-
ing some time stamps inside the NPARC codes. On the basis of this
information, the cost function T C p for each processor is calcu-
lated, and the data blocks j are redistributedamong the processors
if necessary to balance the computationalload. This process is done
periodically during the execution of the code for every speci� ed
interval, called the balance cycle, to monitor the progress of the
computation. Typical balance cycles are in the order of 100–500
time steps.

Test Cases Considered
All the grids for the following three test cases were supplied

by NASA LeRC.6 The Euler/inviscid version of the NPARC code
was used to compute the test cases with the three-stage version of
the pseudo-Runge–Kutta time-stepping scheme. An axisymmetric
engine inlet is subjected to an incoming Mach number of 2.5 and
a subsonic compressor-faceMach number of 0.3. The compressor-
face boundarycondition is based on a scheme developedpreviously
for NPARC.7 The reference inlet pressure is 117.8 lb/ft2 , and the
reference inlet temperature is 395±R. The cowl-tip radius of the
inlet, Rc D 18:61 in., is used to nondimensionalizethe lengths.The
three test cases correspond to different grids for the same inlet and
� ow conditions.

First, a steady-statesolutionis obtained for each of the three cases
for the above conditions,which yields a normal shock in the diverg-
ing section of the inlet. Then, a sinusoidal temperature perturbation
is introduced upstream of the inlet for all three cases. The ampli-
tude of the sinusoidal temperature perturbation is 5% of the mean
value (395±R), with a frequency of 225 Hz. The unsteady pressure

Fig. 6 Grid division into 17 blocks for two-dimensional test case.

Fig. 7 Density contours of steady-state solution for two-dimensional
test case.

responseis measuredat two locations,x=Rc D 4:08 and 5.01, down-
streamof the normal shock.These test caseswere used previouslyto
validate the accuracyof the parallelNPARC codes for NASA LeRC.

Case 1
A two-dimensionalinviscid case with 4592 grid points is divided

into 17 blocks, and the number of machines or processors is varied
from 1 to 8. The blocks contain approximately the same number of
grid points, and each block has an evenly spaced grid. The grid is
shown in Fig. 6 and the steady-state solution in the form of density
contoursis shownin Fig. 7. The axisymmetricversionof theNPARC
code is used to solve this test case.

Case 2
A three-dimensionalinviscid case with 50,950 grid points corre-

sponding to a 60-deg sector of the axisymmetric inlet is divided into
16 blocksof approximatelythe same size, and the three-dimensional
version of the NPARC code is used to solve this test case.

Case 3
A three-dimensionalinviscidcase with 240,000grid pointscorre-

sponding to a 360-deg O-grid of the axisymmetric inlet was divided
into 20 approximately equal-sized blocks. The three-dimensional
version of the NPARC code is used to solve this test case.

For each of the precedingtest cases, the following strategieswere
considered to investigate the performance of the new algorithms.

Default Scheme
The base case is chosen to be global time stepping with the same

time step for all of the blocks. A time step of 6 ¹s is chosen as the
global time step and computationsare performed for approximately
5000 steps until a periodic response is achieved. This corresponds
to an interval of approximately 0.03 s. Then, the same case is run
for all three grids and, this time, dynamic load balancing is enabled.
The block distributionafter load balancingand the resultantelapsed
time and CPU time are recorded.
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Scheme 1
This time, the variable time-stepping option is enabled, in which

eachblockpicksa certainmultipleof theglobaltime step,depending
on the critical Courant number inside the block. The initial distri-
bution of the blocks is the same as obtained from the precedingstep
with constant global time stepping. The interfaces communicate
with their neighbors according to scheme 1. The elapsed time and
the CPU time are recorded for this case with and without load bal-
ancingenabled.The time variationof thepressureresponseis plotted
for the two monitoring stations and compared with the base case.

Scheme 2
Variable time stepping in addition to interface communication,

which takesplaceat an intervalcorrespondingto the criticalCourant
number for the interface nodes, is studied. The communication
scheme as in scheme 2 is used. The elapsed time and the CPU
time are recorded, and the pressure response is plotted with respect
to time. Load balancing is enabled, and the same case is rerun with
all parameters recorded.

Scheme 3
Finally, variable time stepping in addition to interface commu-

nication, which takes place according to the characteristic speeds
of the solution variables in the interface nodes, is investigated. As
before, all parameters are recorded for cases with and without load
balancing.

Results
The three test caseswere computedonan IBM SP2 computerwith

7–10 processors available for dedicated runs. The network con� gu-
ration used was regular 10-Mbps Ethernet between the processors.
This simulates a setup of a clusterof workstationsconnectedto each
other through Ethernet. The timing information for the cases con-
sidered is presented in the form of speedup and ef� ciency, which
are de� ned in the next two equations:

Sp D elapsedtime with 1 processor.default scheme/

elapsedtime with p processors
(25)

E p D Sp=p (26)

The total elapsed time for solving the test case using the default
communication scheme with one processor is used as a basis for
comparison when speedup and ef� ciency are calculated. Because
the default scheme is used as the basis for computingef� ciencies, it
is possible to obtain ef� ciencies greater than one for other schemes.

Case 1
The speedup and ef� ciency for case 1 are shown in Figs. 8 and 9,

respectively. It is usually observed that if the parallel computation
involves a lot of communication, as the number of processors in-
creases there is a decrease in the speedup because any decrease in
the computation time is eclipsedby the increase in communication.
Clearly, it can be seen that this case is highly communicationbound
for the default scheme. For schemes 1 and 2, which involve a re-
duction in both the computation and the communication because

Fig. 8 Speedup for two-dimensionaltest case; speedup of various com-
munication schemes.

Fig. 9 Ef� ciency for two-dimensional test case; ef� ciencies of various
communication schemes.

Fig. 10 Speedup for three-dimensional test case with 50,950 nodes;
speedup for various communication schemes: , default;±, scheme 1;
4 , scheme 2; r , scheme 3; , default (DLB); , scheme 1 (DLB); ,
scheme 2 (DLB); and , scheme 3 (DLB).

of the variable time-stepping approaches, any gains in the speedup
and ef� ciency are offset quickly by rising communication costs for
more than two processors.For scheme 3, communicationis reduced
by almost 50% compared with scheme 2 because most of the in-
terfaces are supersonic. Hence, because of this large reduction in
communication, an almost linear increase in speedup is observed,
and high ef� ciency is maintained.However, scheme 3 with one pro-
cessor is found to perform worse than the default scheme. This is
becauseof the overhead imposed by the necessityof calculating the
time step in the interfaces according to Eqs. (16) and (17). Hence,
there is actuallya decrease in the speedupwhen computationoccurs
with one processor, but this overhead is more than compensated for
by the resultant decrease in the communication cost with greater
number of processors. In Fig. 9, one can see that ef� ciencies are
greater than one for schemes 1 and 2 with one and two processors.
This is because of the variable time-stepping approach used, which
leads to a decrease in the computation time compared with the de-
fault scheme. Thus, with one processor, it can be seen that there is
a decrease of more than two times the computationwhen compared
with the default scheme, leading to ef� ciencies of more than two
being obtained.

According to Ref. 3, the load balancer performs poorly when
the communicationcosts are higher than the computation cost, and
hence this case was not load balanced.

Case 2
The timing results for the three-dimensional inviscid test case

shown in Figs. 10 and 11 show that this case is not highly com-
munication bound like the two-dimensional test case. Because of
the variable time-steppingapproachesemployed,many blocks have
time steps ranging from three to four times the most restrictive time
step 1tg , which occurs in the block containing the normal shock.
Thus, as can be seen in Fig. 10, it is possible to reduce computa-
tion by nearly three times for the single-processorcase for all three
variable time-stepping schemes when compared with the default
scheme. Because this is an inviscid test case, no grid stretching is
employed to cluster nodes near the walls, etc., and hence the block
and interface time steps are not very different. Hence, schemes 2
and 3 yield an improvement of only a few percent compared with
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Fig. 11 Ef� ciency for three-dimensional test case with 50,950 nodes;
ef� ciency of various communication schemes: , default;±, scheme 1;
4 , scheme 2; r , scheme 3; , default (DLB); , scheme 1 (DLB); ,
scheme 2 (DLB); and , scheme 3 (DLB).

Fig. 12 Speedup for three-dimensional test case with 240,000 nodes;
speedup for various communication schemes: , default;±, scheme 1;
4 , scheme 2; r , scheme 3; , default (DLB); , scheme 1 (DLB); ,
scheme 2 (DLB); and , scheme 3 (DLB).

scheme 1. Because the blocks are fairly evenly divided, the com-
putation cost per block also is not much different. Therefore, load
balancing eliminates a few bottlenecks caused by a change in the
communicationcosts as different schemesare employed, and yields
an additional improvementof approximately15% for each scheme.
In general, as the number of processors increases, load balancing
yields smaller bene� ts because there are fewer blocks to balance
on each processor.For the default scheme, load balancingproduces
negligible improvement because the blocks are approximately the
same size and constant time stepping is used in all blocks.

Case 3
The timing results for the three-dimensional inviscid test case

with 240,000grid nodes in Figs. 12 and 13 show a behavior similar
to those in Figs. 10 and 11. In this case, most of the blocks pro-
ceed with a time step that is approximately three times the most
restrictive time step 1tg . Hence, with a single processor, computa-
tion costs are reduced by three times for the variable time-stepping
schemes compared with the default scheme, leading to ef� ciencies
of three for the variable time-stepping schemes. For this test case,
two blocks contain 3200 nodes; the rest of the blocks contain 3000
nodes. Load balancing alleviates the bottleneck due to these larger
blocks and yields improvementsof almost 25% for each of the three
schemes as seen in Figs. 12 and 13. For the blocks in the subsonic
region, a greater grid stretching exists when compared with the
three-dimensionalgrid in case 2, resulting in a larger differencebe-
tween the block and the interface time step in those blocks. Hence,
when compared with scheme 1, schemes 2 and 3 perform better
and yield higher speedup and ef� ciency. Also, for cases 2 and 3,
the number of grid points in the interior of the domain increases
faster than the number of grid points in the interfaces. Hence, for
case 3 with a total of 240,000 grid points, approximately 30,000
grid points are present in all of the interfaces, whereas for case 2
with 50,950 grid points, approximately7000 grid points are present
in the interfaces.Hence, case 3 is less dominatedby communication
than case 2. The load-balancingalgorithmperforms better for cases
in which communication is less dominant than computation.

Fig. 13 Ef� ciency for the three-dimensional test case with 240,000
nodes; ef� ciency of various communication schemes: , default; ±,
scheme 1; 4 , scheme 2; r , scheme 3; , default (DLB); , scheme 1
(DLB); , scheme 2 (DLB); and , scheme 3 (DLB).

Fig. 14 Pressure response at x/Rc = 4:08 to a 5% sinusoidal inlet tem-
perature perturbation: ——, default; – – – , scheme 1; - - - -, scheme 2;
and ¢ ¢ ¢ ¢ ¢ , scheme 3.

Fig. 15 Pressure response at x/Rc = 5:01 to a 5% sinusoidal inlet tem-
perature perturbation: ——, default; – – – , scheme 1; - - - -, scheme 2;
and ¢ ¢ ¢ ¢ ¢ , scheme 3.

Next, the pressure response to the sinusoidal temperature per-
turbation is plotted for the two monitoring stations at x=Rc D 4:08
and 5.01 in Figs. 14 and 15, respectively.As can be seen, all three
schemes preserve good time accuracy with respect to the globally
uniform time-stepping case.

Conclusions
The two-dimensional/axisymmetric and three-dimensional ver-

sions of NPARC have been parallelized and enabled for dynamic
load balancing. A variable time-stepping block-solution algorithm
is implemented in addition to various communicationschemes, and
their ef� ciency is explored with the help of three test cases. The
combination of the variable time-stepping approach and the com-
munication schemes are shown to be time accurate for unsteady
computations. These schemes also can be applied to other parallel
solvers to improve their ef� ciency. Scheme 3 is primarily useful
for inviscid � ows where distinct characteristics exist. Scheme 2 is
applicable to more general � ow regimes, in viscous � ow situations.
Scheme 1 may be neededfor complex � ows where the time variation
of the solution is very rapid.Signi� cant savings in total elapsed time
can be achieved with the developedvariable time-steppingschemes
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when the interface time steps and characteristic speeds are consid-
ered. The dynamic load balancing provides additional ef� ciency
when the problem size increases. The variable time-stepping tools
introducedhere can signi� cantly reduce the cost of solvingunsteady
perturbation problems with NPARC codes. The reduction in total
elapsedtimes is four to � ve times that of a constant time-steppingal-
gorithm when large size problems are solved. Further work is being
done in increasing the Courant number inside the block and using
an extended version of scheme 2 to reduce both computation and
communication to yield high parallel ef� ciencies when compared
to the default solution algorithm.
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